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1. Introduction
In almost Hermitian geometry, it is both natural and interesting to discuss the relationship between the almost Hermitian
structure and given curvature conditions. The Bochner curvature tensor B was deﬁned as a formal analogy of the Weyl
conformal tensor [1]. The Bochner ﬂat Kähler manifolds (also known as Bochner–Kähler manifolds) have been discussed
by several authors [2,10]. Tricerri and Vanhecke [16] studied the decomposition of the space of all curvature tensors on a
Hermitian vector space from the view point of unitary representation theory, and deﬁned the Bochner type curvature tensor
B(R) for any almost Hermitian manifold. We call this Bochner type curvature tensor B(R) a Tricerri–Vanhecke (brieﬂy, TV)
Bochner curvature tensor. By the deﬁnition, the tensor B(R) is invariant under conformal change of the Riemannian metric
g . An almost Hermitian manifold with vanishing TV Bochner curvature tensor is called a TV Bochner ﬂat one. Here, we
may note that a conformally ﬂat almost Hermitian manifold is necessarily a TV Bochner ﬂat one. It is well-known that a
2n( 6)-dimensional conformally ﬂat Kähler manifold is locally ﬂat [18], and the further local structures of 4-dimensional
conformally ﬂat Kähler manifolds have been classiﬁed by Tanno [14]. Complex space forms are typical examples of Bochner
ﬂat Kähler manifolds. Kamishima [10] has classiﬁed all compact Bochner ﬂat Kähler manifolds. On one hand, Gray deﬁned
the notion of nearly Kähler manifolds through his research on weak holonomy U (n)-structure, which is one of the natural
generalizations of Kähler manifolds. Topics in nearly Kähler geometry have been discussed by many authors, for example,
* Corresponding author.
E-mail addresses: prettyﬁsh@skku.edu (Y. Euh), parkj@skku.edu (J.H. Park), sekigawa@math.sc.niigata-u.ac.jp (K. Sekigawa).
1 This work was supported by the Korea Science and Engineering Foundation (KOSEF) grant funded by the Korea government (MEST) (R01-2008-000-
20370-0).0926-2245/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.difgeo.2008.10.007
Y. Euh et al. / Differential Geometry and its Applications 27 (2009) 250–256 251Gray [6,8], Moroianu et al. [12] and Nagy [13] (for the more details, refer to Section 3). In the previous paper [5], we studied
curvature properties of some special class of 4-dimensional TV Bochner ﬂat almost Hermitian manifolds. The TV Bochner
curvature tensor coincides with the Bochner curvature tensor if the manifold is a Kähler manifold [16]. A non-Kähler nearly
Kähler manifold is called a strict nearly Kähler manifold. From the above mentioned overviews, the following question will
naturally arise:
Question. Classify the local structures of TV Bochner ﬂat (or especially conformally ﬂat) non-Kähler almost Hermitian man-
ifolds.
In the present paper, focusing on the class of nearly Kähler manifolds, we shall prove the following theorem related to
the above question.
Main Theorem. Let M = (M, J , g) be a 2n( 6)-dimensional TV Bochner ﬂat strict nearly Kähler manifold. Then M is either a
6-dimensional space of positive constant sectional curvature or locally a product of a 6-dimensional strict nearly Kähler manifold of
positive constant sectional curvature K and a (real) 2-dimensional Kähler manifold of constant Gaussian curvature −K .
Remark. As the result, a 2n( 6)-dimensional TV Bochner ﬂat strict nearly Kähler manifold is a locally symmetric confor-
mally ﬂat space.
From the Main Theorem, taking account of the above remark, we immediately have the following result.
Corollary. Let M = (M, J , g) be a 2n( 6)-dimensional conformally ﬂat nearly Kähler manifold. Then M is locally either a ﬂat Kähler
manifold or a 6-dimensional strict nearly Kähler manifold of positive constant sectional curvature or a product of a 6-dimensional strict
nearly Kähler manifold of positive constant sectional curvature K and a (real) 2-dimensional Kähler manifold of constant Gaussian
curvature −K .
2. Preliminaries
Let M = (M, J , g) be a 2n-dimensional almost Hermitian manifold and Ω the Kähler form of M deﬁned by Ω(X, Y ) =
g( J X, Y ), for X , Y ∈ X(M), where X(M) denotes the Lie algebra of all smooth vector ﬁelds X , Y on M . We denote by ∇
and R the Levi-Civita connection and the curvature tensor of (M, J , g) deﬁned by
R(X, Y )Z = [∇X ,∇Y ]Z − ∇[X,Y ] Z , (2.1)
for X , Y , Z ∈X(M). Further, we denote by ρ , ρ∗ , τ and τ ∗ the Ricci tensor, the Ricci ∗-tensor, the scalar curvature and the
∗-scalar curvature deﬁned respectively by
ρ(X, Y ) = tr(Z −→ R(Z , X)Y ),
ρ∗(X, Y ) = tr(Z −→ R(X, J Z) J Y ), (2.2)
τ = tr Q , τ ∗ = tr Q ∗
where Q and Q ∗ are the Ricci operator and the Ricci ∗-operator deﬁned by g(Q X, Y ) = ρ(X, Y ) and g(Q ∗X, Y ) = ρ∗(X, Y ),
for X , Y ∈X(M), respectively. We may easily check that ρ∗(X, Y ) = ρ∗( J Y , J X) holds for all X , Y ∈X(M), and ρ∗ = ρ holds
if M is a Kähler manifold. An almost Hermitian manifold M is called a weakly ∗-Einstein manifold if ρ∗ = τ ∗2n g holds on M
and also called a ∗-Einstein manifold especially if τ ∗ is constant.
Let {ei} be an orthonormal basis of T pM at any point p ∈ M . In this paper, we shall adopt the following notational
convention:
Rijkl = g
(
R(ei, e j)ek, el
)
,
Ri¯ jkl = g
(
R( J ei, e j)ek, el
)
,
. . .
Ri¯ j¯ k¯ l¯ = g
(
R( J ei, J e j) J ek, J el
)
, (2.3)
ρi j = ρ(ei, e j), . . . , ρi¯ j¯ = ρ( J ei, J e j),
ρ∗i j = ρ∗(ei, e j), . . . , ρ ∗¯i j¯ = ρ∗( J ei, J e j),
J i j = g( J ei, e j), ∇i J jk = g
(
(∇ei J )e j, ek
)
,
and so on, where the Latin indices run over the range 1,2, . . . ,2n.
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B(R) = R − 1
4(n + 2)(n − 2) g  ρ +
2n − 3
4(n − 1)(n − 2) g©∧ ρ
− 1
4(n + 2)(n − 2) g  (ρ J ) +
1
4(n − 1)(n − 2) g©∧ (ρ J )
+ 2n
2 − 5
4(n + 1)(n + 2)(n − 2) g  ρ
∗ − 2n − 1
4(n + 1)(n − 2) g©∧ ρ
∗
+ 3
4(n + 1)(n + 2)(n − 2) g 
(
ρ∗ J
)− 3
4(n + 1)(n − 2) g©∧
(
ρ∗ J
)
+ 3nτ − (2n
2 − 3n + 4)τ ∗
16(n + 1)(n + 2)(n − 1)(n − 2) g  g −
τ − τ ∗
8(n − 1)(n − 2) g©∧ g (2.4)
for n 3, and
B(R) = R + 1
2
g©∧ ρ + 1
12
{
g  ρ∗ − g©∧ ρ∗ − g  (ρ∗ J)+ g©∧ (ρ∗ J)}
+ 3τ
∗ − τ
96
g  g − τ + τ
∗
16
g©∧ g (2.5)
for n = 2, where for any (0,2)-tensors a and b, we set
(a©∧ b)(x, y, z,w) = a(x, z)b(y,w) − a(x,w)b(y, z) + b(x, z)a(y,w) − b(x,w)a(y, z), (2.6)
a¯(x, y) = a(x, J y), (2.7)
for x, y, z, w ∈ T pM , p ∈ M , and we set
a  b = a©∧ b + a¯©∧ b¯ + 2a¯ ⊗ b¯ + 2b¯ ⊗ a¯. (2.8)
The following is the higher-dimensional version of the result in [5].
Theorem 2.1. Let M = (M, J , g) be a TV Bochner ﬂat almost Hermitian manifold. Then, the curvature tensor R satisﬁes the following
curvature identity
R(X, Y , Z ,W ) − R( J X, J Y , Z ,W ) − R(X, Y , J Z , JW ) + R( J X, J Y , J Z , JW )
= R(X, J Y , Z , JW ) + R(X, J Y , J Z ,W ) + R( J X, Y , J Z ,W ) + R( J X, Y , Z , JW ) (2.9)
for X , Y , Z , W ∈X(M).
Remark. The curvature tensor of any Hermitian manifold satisﬁes the curvature identity (2.9) in the above Theorem 2.1.
However, the converse is not true in general. In fact, Tricerri and Vanhecke [15] gave an example of a 6-dimensional locally
ﬂat almost Hermitian manifold which is not Hermitian.
3. Nearly Kähler manifolds
An almost Hermitian manifold M = (M, J , g) is called a nearly Kähler manifold if (∇X J )Y + (∇Y J )X = 0 holds for any
X, Y ∈ X(M), namely, the Kähler form of M is a Killing tensor of degree 2. It is easily observed that an integrable nearly
Kähler manifold is Kähler. It is immediately checked that any four-dimensional nearly Kähler manifold is necessarily Kähler.
We remind that a non-Kähler, nearly Kähler manifold is called a strict nearly Kähler manifold. It is well known that a 6-
dimensional sphere equipped canonical metric is a typical example of a strict nearly Kähler manifold. There are many other
examples of strict nearly Kähler manifolds [7].
We have the following curvature identities [6,8,17] on nearly Kähler manifolds.
Rijkl − Ri¯ j¯kl = −
∑
a
(∇i J ja)∇k Jla = −
∑
a
(∇a J i j)∇a Jkl, (3.1)
∑
(Rijkl − Rijk¯l¯)
(
ρ jk − ρ∗jk
)= 1
4
∑(
3ρia + ρ∗ia
)(
ρla − ρ∗la
)
. (3.2)
From (3.1) and (3.2), it is immediate that
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a,b
(∇a Jbi)∇a Jbj = ρi j − ρ∗i j, (3.3)
‖∇ J‖2 = τ − τ ∗, (3.4)
Rijkl = Ri¯ j¯k¯l¯, (3.5)
ρi¯ j¯ = ρi j, ρ ∗¯i j¯ = ρ∗i j, (3.6)∑(
ρi j − ρ∗i j
)(
ρi j − 5ρ∗i j
)= 0. (3.7)
We here refer to the following theorem by Nagy [13] for the strict nearly Kähler manifolds.
Theorem 3.1. Let M = (M, J , g) be a simply connected, complete strict nearly Kähler manifold. Then M is a product manifold of the
following nearly Kähler manifolds:
(1) 6-dimensional nearly Kähler manifold;
(2) homogeneous nearly Kähler manifold;
(3) a twistor space over a quaternionic Kähler manifold with positive scalar curvature.
Now, we review some results concerning the structures of 6-dimensional, 8-dimensional and 10-dimensional nearly
Kähler manifolds. Let M = (M, J , g) be a 6-dimensional strict nearly Kähler manifold. Then, addition to the formulas (3.1)–
(3.7), the following equalities hold [11].
∇i∇ j Jkl = − τ30 (gij Jkl − gik J jl + gil J jk), (3.8)∑
(∇a J i j)∇a Jkl = − τ30 (g jk gil − gik g jl − J jk J il + J ik J jl). (3.9)
From (3.1) and (3.9), we have
ρi j − ρ∗i j =
2τ
15
gij . (3.10)
From (3.7) and (3.10), we have
ρ = τ
6
g
(
and hence ρ J = τ
6
g
)
,
ρ∗ = τ
30
g
(
and hence ρ∗ J = τ
30
g
)
. (3.11)
Thus, from (3.11), we see that a 6-dimensional strict nearly Kähler manifold M is an Einstein and ∗-Einstein manifold with
constant positive scalar curvature. We refer to the following local structure theorems due to Gray [8].
Theorem 3.2. Let M = (M, J , g) be an 8-dimensional strict nearly Kähler manifold. Then M is locally a product of a 6-dimensional
strict nearly Kähler manifold and a (real) 2-dimensional Kähler manifold.
Theorem 3.3. Let M = (M, J , g) be a 10-dimensional nearly Kähler manifold. Then we have
(1) there exist real numbers α and β with α2  β2 such that the eigenvalues of Q − Q ∗ are 4(α2 + β2) with multiplicity 2, 4α2
with multiplicity 4, and 4β2 with multiplicity 4;
(2) Q − Q ∗ is parallel if and only if β = 0;
(3) if β = 0 and α = 0, then M is locally a product of M1 and M2 , where M1 is a (real) 4-dimensional Kähler manifold and M2 is a
6-dimensional strict nearly Kähler manifold.
The proof of the Main Theorem relies on the formula (3.11) and also on Theorems 3.2, 3.3.
4. TV Bochner ﬂat nearly Kähler manifolds
In this section, ﬁrst of all, we shall give an explicit form for the curvature tensor of a TV Bochner ﬂat nearly Kähler
manifold. From (2.4) and (3.6), we have
Lemma 4.1. Let M = (M, J , g) be a TV Bochner ﬂat nearly Kähler manifold. Then, the curvature tensor R of M can be expressed
explicitly by
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2(n + 2)(n − 2)
{
g(X, Z)ρ(Y ,W ) − g(X,W )ρ(Y , Z) + g(Y ,W )ρ(X, Z) − g(Y , Z)ρ(X,W )
+ g(X, J Z)ρ(Y , JW ) − g(X, JW )ρ(Y , J Z) + g(Y , JW )ρ(X, J Z) − g(Y , J Z)ρ(X, JW )
+ 2g(X, J Y )ρ(Z , JW ) + 2g(Z , JW )ρ(X, J Y )}
− n − 1
2(n + 2)(n − 2)
{
g(X, Z)ρ∗(Y ,W ) − g(X,W )ρ∗(Y , Z) + g(Y ,W )ρ∗(X, Z) − g(Y , Z)ρ∗(X,W )
+ g(X, J Z)ρ∗(Y , JW ) − g(X, JW )ρ∗(Y , J Z) + g(Y , JW )ρ∗(X, J Z) − g(Y , J Z)ρ∗(X, JW )
+ 2g(X, J Y )ρ∗(Z , JW ) + 2g(Z , JW )ρ∗(X, J Y )}
− 3nτ − (2n
2 − 3n + 4)τ ∗
8(n + 1)(n + 2)(n − 1)(n − 2)
{
g(X, Z)g(Y ,W ) − g(X,W )g(Y , Z) + g(X, J Z)g(Y , JW )
− g(X, JW )g(Y , J Z) + 2g(X, J Y )g(Z , JW )}
− 1
2(n − 2)
{
g(X, Z)ρ(Y ,W ) − g(X,W )ρ(Y , Z) + g(Y ,W )ρ(X, Z) − g(Y , Z)ρ(X,W )}
+ 1
2(n − 2)
{
g(X, Z)ρ∗(Y ,W ) − g(X,W )ρ∗(Y , Z) + g(Y ,W )ρ∗(X, Z) − g(Y , Z)ρ∗(X,W )}
+ τ − τ
∗
4(n − 1)(n − 2)
{
g(X, Z)g(Y ,W ) − g(X,W )g(Y , Z)} (4.1)
for n 3.
From (3.1) and (3.3), we have
∑
(∇a J i j)Rijkl∇a Jkl = 12
∑
(∇a J i j)(Rijkl − Rijk¯l¯)∇a Jkl
= −1
2
∑
(∇a J i j)(∇b J i j)(∇b Jkl)∇a Jkl
= −1
2
∑
(∇i J ja)(∇i J jb)(∇k Jla)∇k Jlb
= −1
2
∑(
ρab − ρ∗ab
)2
= −1
2
∥∥Q − Q ∗∥∥2. (4.2)
On one hand, by (4.1), (3.3) and (3.4), we also have
∑
(∇a J i j)Rijkl∇a Jkl = − 2n − 2
∥∥Q − Q ∗∥∥2 + (τ − τ ∗)2
2(n − 1)(n − 2) . (4.3)
Thus, from (4.2) and (4.3), we have
−1
2
∥∥Q − Q ∗∥∥2 = − 2
n − 2
∥∥Q − Q ∗∥∥2 + (τ − τ ∗)2
2(n − 1)(n − 2) ,
and hence
−(n − 6)‖Q − Q ∗‖2 = 1
n − 1
(
τ − τ ∗)2. (4.4)
From (4.4), we immediately have the following result:
Proposition A. There does not exist a 2n( 12)-dimensional TV Bochner ﬂat strict nearly Kähler manifold.
By the above Proposition A, it suﬃces to consider the cases where 6 2n 10 for the proof of the Main Theorem.
5. 6- and 8-dimensional TV Bochner ﬂat nearly Kähler manifolds
First, we shall prove the case of the 6-dimensional TV Bochner ﬂat nearly Kähler manifold. Let M = (M, J , g) be a 6-
dimensional TV Bochner ﬂat strict nearly Kähler manifold. Then from (4.1), taking account of (3.11), we shall see immediately
that
R(X, Y , Z ,W ) = − τ {g(X, Z)g(Y ,W ) − g(X,W )g(Y , Z)} (5.1)
30
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completes the proof of the 6-dimensional case.
Next, we shall prove the case of the 8-dimensional TV Bochner ﬂat nearly Kähler manifold. Let M = (M, J , g) be an
8-dimensional strict nearly Kähler manifold. Then, by Theorem 3.2, M is locally a product of a 6-dimensional strict nearly
Kähler manifold M1 = (M1, J1, g1) and a (real) 2-dimensional Kähler manifold M2 = (M2, J2, g2). Thus, we see that ( J , g)
is locally expressed by J = ( J1, J2) and g = (g1, g2). Further, we see that the Ricci tensor ρ and the Ricci ∗-tensor ρ∗ are
locally expressed by ρ = (ρ1,ρ2) and ρ∗ = (ρ∗1 ,ρ∗2 ), respectively, where ρ1 (resp. ρ2) and ρ∗1 (resp. ρ∗2 ) are the Ricci tensor
and the Ricci ∗-tensor of M1 (resp. M2), respectively. Since (M1, J1, g1) (resp. (M2, J2, g2)) is a 6-dimensional strict nearly
Kähler manifold (resp. (real) 2-dimensional Kähler manifold), we have
ρ1 = τ1
6
g1, ρ
∗
1 =
τ1
30
g1
(
resp. ρ2 = τ2
2
g2, ρ
∗
2 =
τ2
2
g2
)
(5.2)
by virtue of (3.11), where τ1 (resp. τ2) is a scalar curvature of M1 (resp. M2). Thus we have
(ρi j) =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
τ1
6 0 0 0 0 0 0 0
0 τ16 0 0 0 0 0 0
0 0 τ16 0 0 0 0 0
0 0 0 τ16 0 0 0 0
0 0 0 0 τ16 0 0 0
0 0 0 0 0 τ16 0 0
0 0 0 0 0 0 τ22 0
0 0 0 0 0 0 0 τ22
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
(
ρ∗i j
)=
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
τ1
30 0 0 0 0 0 0 0
0 τ130 0 0 0 0 0 0
0 0 τ130 0 0 0 0 0
0 0 0 τ130 0 0 0 0
0 0 0 0 τ130 0 0 0
0 0 0 0 0 τ130 0 0
0 0 0 0 0 0 τ22 0
0 0 0 0 0 0 0 τ22
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(5.3)
with respect to a unitary basis {e1, e2 = J e1, e3, e4 = J e3, e5, e6 = J e5, e7, e8 = J e7}, where {e1, e2, e3, e4, e5, e6} and {e7, e8}
are tangent to M1 and M2, respectively. Therefore we have
τ = τ1 + τ2, τ ∗ = τ1
5
+ τ2,
and hence
τ1 = 5
4
(
τ − τ ∗), τ2 = 1
4
(
5τ ∗ − τ ). (5.4)
Thus, from (4.1), taking account of (5.2) and (5.4), we have
0 = R(ea, J ea, e7, J e7) = 1
90
(
τ − 7τ ∗),
for a = 1,3,5 and hence
τ = 7τ ∗. (5.5)
Therefore, by (5.2)–(5.5), we see that if −K is the Gaussian curvature of M2, then τ2 = −2K , τ ∗ = 4K , τ1 = 30K hold (thus
K is a positive constant), and hence
(ρi j) =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
5K 0 0 0 0 0 0 0
0 5K 0 0 0 0 0 0
0 0 5K 0 0 0 0 0
0 0 0 5K 0 0 0 0
0 0 0 0 5K 0 0 0
0 0 0 0 0 5K 0 0
0 0 0 0 0 0 −K 0
0 0 0 0 0 0 0 −K
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
This completes the proof of the 8-dimensional case.
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We shall prove the case of the 10-dimensional TV Bochner ﬂat nearly Kähler manifold. Let M = (M, J , g) be a 10-
dimensional TV Bochner ﬂat strict nearly Kähler manifold. Then, by Theorem 3.3, for any point p ∈ M , we may choose a
unitary basis {ei} = {e1, e2 = J e1, e3, e4 = J e3, e5, e6 = J e5, e7, e8 = J e7, e9, e10 = J e9} of T pM such that
(
Q − Q ∗)ea = 4(α2 + β2)ea,(
Q − Q ∗)es = 4α2es, (6.1)(
Q − Q ∗)eu = 4β2eu,
for a = 1,2, s = 3,4,5,6, u = 7,8,9,10. From (6.1), we have easily
τ − τ ∗ = trace(Q − Q ∗)= 24(α2 + β2), (6.2)∥∥Q − Q ∗∥∥2 = 32(α2 + β2)2 + 64(α4 + β4). (6.3)
From (6.2) and (6.3), taking account of (4.4), we have
32
(
α2 + β2)2 + 64(α4 + β4)= 144(α2 + β2)2,
7
(
α2 + β2)2 = 4(α4 + β4), (6.4)
3α4 + 3β4 + 14α2β2 = 0,
and hence, it must follow that α = β = 0. By (3.4) and (6.2), we have ‖∇ J‖2 = 0. Thus M is a Kähler manifold, which is a
contradiction. Thus we have the following result:
Proposition B. There does not exist a 10-dimensional TV Bochner ﬂat strict nearly Kähler manifold.
7. Some remarks
Butruille [3] proved that a 6-dimensional almost Hermitian manifold of type W1 +W4 in the Gray–Hervella classiﬁcation
[9] has the closed Lee form, and hence, it is a locally conformal nearly Kähler manifold. Combining this result and the one
by Cleyton and Ivanov ([4], Lemma 8), we may see that a 6-dimensional almost Hermitian manifold of type W1 + W4 is a
globally conformal nearly Kähler manifold or a locally conformal Kähler manifold, and hence, in particular, a 6-dimensional
almost Hermitian manifold of type W1+W4 which is not of type W4 is globally conformal to a strict nearly Kähler manifold.
Thus, from the above result and the main theorem of the present paper, we see that a 6-dimensional TV Bochner ﬂat almost
Hermitian manifold of type W1 + W4 is either globally conformal to a strict nearly Kähler manifold of a positive constant
sectional curvature or locally conformal to a Bochner ﬂat Kähler manifold. Moroianu and Ornea classiﬁed all compact 5-
dimensional Riemannian manifolds (M, g) with the property that the Riemannian cylinder (M × R, g + dt2) carries an
almost Hermitian structure of type W1 + W4 ([12], Theorem 5.1).
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